The ZX calculus is a diagrammatic language for quantum mechanics and quantum information processing. We prove that the ZX-calculus is not complete for the Clifford+T quantum mechanics. The completeness for this fragment has been stated as one of the main current open problems in categorical quantum mechanics [8]. The ZX calculus was known to be incomplete for quantum mechanics [7] , on the other hand, it has been proved complete for Clifford quantum mechanics (a.k.a. stabilizer quantum mechanics) [1] , and for single-qubit Clifford+T quantum mechanics [2] . The question of the completeness of the ZX calculus for Clifford+T is a crucial step in the development of the ZX calculus because of its (approximate) universality for quantum mechanics (i.e. any unitary evolution can be approximated using Clifford and T gates only).
Introduction
The ZX-calculus has been introduced by Coecke and Duncan [5] as a graphical language for pure state qubit quantum mechanics with post-selected measurements. Unlike quantum circuit notation which has no transformation rules, the ZX calculus combines the advantages of being intuitive with a built-in system of rewrite rules. These rewrite rules make the ZX calculus into a formal system with nontrivial equalities between diagrams. As shown in [5] , the ZX-calculus can be used to express any operation in pure state qubit quantum mechanics, i.e. it is universal. Furthermore, any equality derived in the ZX-calculus can also be derived in the standard Dirac or matrix mechanics, i.e. it is sound.
The converse of soundness is completeness: the ZX-calculus is complete if any equality that can be derived using matrices can also be derived graphically. It has been shown in [7] that the ZX-calculus is incomplete for pure state qubit quantum mechanics, and there is no way on how to complete it by now. However, the ZX-calculus is known to be complete for pure qubit stabilizer quantum mechanics [1] . Qubit stabilizer quantum mechanics is a fragment of quantum mechanics whose unitaries compose a Clifford group, which is generated by the Hadamard operator, the phase operator, and the controlled-NOT operator. Graphically the completeness for the stabilizer quantum mechanics means that if two diagrams have the same semantics and involve angles multiple of π/2 only then these two diagrams can be proven equal in the ZX calculus.
While it is an important and active area of research, stabilizer quantum mechanics is only a small part of all pure quantum operations on qubits. In particular stabilizer quantum mechanics is not universal, even approximately. This fragment is even efficiently stimulable on a classical computer. However, augmented with the one-qubit π/4 Z-rotation called the T-gate, this 'Clifford+T' fragment becomes (approximatively) universal [4] : any unitary transformation can be approximated with an arbitrary precision by a diagram involving angles multiple of π/4 only.
Clifford+T quantum mechanics can be defined as the fragment of pure qubit quantum mechanics consisting of the following set of operations:
• preparation of states in the computational basis
• unitary operations generated by the Hadamard gate H, the gate T , and the controllednot gate C X , which compose a universal gate set,
• measurements in the computational basis.
Although the ZX-calculus is incomplete for the overall pure qubit quantum mechanics, it is shown in [2] that the ZX-calculus is complete for the single-qubit Clifford+T group. Yet it was still not clear whether the ZX-calculus is complete for Clifford+T quantum mechanics. Meanwhile, the notion of supplementarity developed in [6] provides a candidate equation for the incompleteness of ZX-calculus for pure qubit quantum mechanics [3] . In this paper, we give a new non-standard interpretation for the ZX calculus for which the supplementarity equation does not hold, proving that the ZX-calculus is incomplete for Clifford+T quantum mechanics.
Incompleteness for the ZX calculus

Elements of the ZX calculus and the standard interpretation and rewrite rules of diagrams
A ZX calculus diagram consists of three types of nodes connected by edges and are read from top to bottom: green nodes with arbitrary numbers of inputs and outputs and a phase label α ∈ [0, 2π), red nodes with arbitrary numbers of inputs and outputs and a phase label α ∈ [0, 2π), and yellow Hadamard nodes with one input and one output.
The ZX calculus has a standard interpretation · in the category of Hilbert spaces. The basic nodes have the following interpretations:
(|0 ± |1 ), and the zero-fold tensor product of any normalized bra or ket is taken to be the scalar 1.
The rewrite rules for the ZX calculus are summarized in figure 1. Note that any rule also holds either when the colours red and green are swapped or the diagrams are flipped upside-down.
A non-standard interpretation of the ZX calculus diagrams
In [6] , Coecke and Edwards introduced the notion of supplementarity by pointing that when α 0 mod π the following diagram represents the projector |0 0| if α − β = π and the projector |1 1| if α + β = π. 
... ...
... 
The proof of Lemma 2.2 is given in appendix.
Completeness of the ZX-calculus for stabilizer quantum mechanics implies that equation (4) can be proven graphically when α = ±π/2. However for the other angles, and in particular for α = π/4 it was not known whether it can be derived or not in the ZX-calculus. Now we introduce a non-standard interpretation · ♯ of the ZX calculus. The interpretation of the basic diagrams is as follows:
This interpretation can be extended to all the ZX calculus diagrams by color exchange rule and composition. For example,
Lemma 2.3 (Soundness) . ♯ is a sound interpretation.
The rest of the section is dedicated to the proof of Lemma 2.3. To prove soundness of · ♯ , we need to verify that each rule in Figure 1 also holds under this interpretation. Firstly, the rule (S 2) can be easily checked to be correct under the interpretation · ♯ . Secondly, rules (S 3), (B1), (B2) and (K1) still hold under · ♯ , since their interpretations are just triple copies of themselves. Thirdly, the rule (H) holds in · ♯ , because the interpretation of red α is defined according to this rule. Finally, we check the rules (S 1), (K2) and (EU) in detail.
For (S 1), it suffices to prove
In fact,
As a consequence,
To sum up, the interpretation · ♯ is sound.
Incompleteness result Theorem 2.4 (Incompleteness) The following equation cannot be derived in the ZX calculus
Proof: We prove this theorem by contradiction. Assume that equation (2) can be derived in the ZX calculus. Since both · and · ♯ provide sound models of the calculus, there must exist some complex number c 0 such that
By direct calculation, we have
Clearly, equation (3) does not hold. Therefore, equation (2) cannot be derived in the ZX calculus.
Corollary 2.5 The ZX Calculus is incomplete for Clifford + T quantum mechanics.
Proof: On the one hand, we have
On the other hand, it follows from Theorem 2.4 that equation (2) cannot be derived in the ZX calculus. This means the ZX Calculus is incomplete for Clifford + T quantum mechanics.
Supplementarity as an axiom of the ZX calculus
We propose to add the following supplementarity rule to the ZX calculus:
Notice that thanks to the additional scalar '2α + π' this equation is sound for the standard interpretation of the ZX calculus even for α = 0 mod π. Indeed when α = 0 mod π the interpretation of both the LHS and the RHS of the equation is 0.
While we have proved that the ZX calculus is not complete for Clifford+T quantum mechanics, we state as an open question the completeness of 'ZX-calculus+Supplemen-tarity' for Clifford+T quantum mechanics.
Conclusion and further work
Clifford+T quantum mechanics is a key fragment of pure qubit quantum mechanics: it has infinite operations on a finite number of qubits and allows any unitary operation to be approximated to arbitrary accuracy. As a powerful graphical language for quantum processes, it is important to know whether the ZX-calculus is complete for Clifford+T quantum mechanics. In this paper, we show that a graphical equation in the ZX-calculus for Clifford + T quantum mechanics cannot be derived from all the given rewrite rules, while the standard interpretations of both sides of the equation are the same up to a global scalar. Therefore, we proved the incompleteness of ZX-calculus for Clifford+T quantum mechanics. The proof relies on a new non-standard interpretation of the ZX calculus.
We propose to augment the ZX-calculus with the new axiom of supplementarity. The obvious next step is to prove the completeness or incompleteness of this new language for Clifford+T quantum mechanics. 
